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Extreme Points of the Class of Discrete Decreasing Failure Rate

Average Life Distributions

by

Naftali A. Langberg, Ramdn V. Ledn, James Lynch, and Frank Proschan

ABSTRACT

'-We showthat the class of discrete decreasing failure rate average

(discrete DFRA) life distributions is a convex set. -We then obtain the

extreme points of this class. Finally ye showrhow to represent any discrete

DFRA life distribution as a mixture of these extreme points.

KyWords: Discrete decreasing failure rate average, extreme points, convex

class, reliability, life distribution, representation, mixture of distributions.
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1. Introduction and Summary.

Distributions with decreasing failure rate (DFR) occur frequently in

reliability theory and application. See, for example, Barlow and Proschan

(1975) and Proschan (1963). Less common is the use of distributions with

decreasing failure rate average (DFRA). However, it is easy to formulate

models and find real life exa'nples of DFRA distributions. We list a few,

since the literature scems devoid of such cases.

(1) The life length of a retail outfit merchandising seasonal goods may

be DFRA. The failure rate tends to decrease with increased experience, growing

capital, public recognition of the product or company name, and other factors

monotonic with age. However, the seasonal factor prevents the failure rate

from being monotonically decreasing, so that only the average failure rate is

decreasing.

(2) A device operates 16 hours a day, say. On the ith day, the failure

rate during operation is Ai and is 0 during the 8 hours of "rest". Suppose

1 > X 2 >X3 > ... , but, in addition, are such that the cumulative failure

1
rate H(t) over time (including rest periods) satisfies: =H(t) is decreasing.

The graph in Fig. 1 displays the situation.

Note that tH(t) is decreasing, but H(t) is not concave. Thus the underlying

distribution is DMR but not DFR.

Other practical examples may be listed in the continius case. In a

similar fashion, DFRA life distributions occur in the discrete case, in which

age is measured by the nmnber of cycles that have occurred since the unit was

initially put into operation.
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In this paper, we obtain the extreme points of the convex class of discrete

DFRA distributions. In addition, we show constructively how to represent any

discrete DFRA distribution as a convex combination of extreme points.

As is well known in optimization theory, from a knowledge of the extreme

points it may be possible to obtain maxima or minima of certain functionals of

discrete DFRA distributions. Bounds and inequalities for discrete DFRA

distributions may also be derivable from a knowledge of the extreme points of

the discrete DERA class.
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2. Preliminaries.

A uistriuution F is a discrete life distribution if its support is

contained in tae set {0, 1, ... }. we denote t,-e corresponding survival functioi

1 - I uy 4. e uefine the hazara function ,(F, x) of a discrete life distribution

as -tnT(k -1) for x E ' ki k + 1) anu, k = 0, 1.....

-6e define two concepts used in the sequel.

)efinition 2.1. Let G be a class of distribution functions. Then u is a

convex class if F - OFI + (I - e)F 2 E G whenever Fl. F2 c G and e E ., iE .

Oefinition 2.2. Let G be a convex class of distribution functions, and

let F e G. I'hen F is an extreme point of G if there are no two distinct

distribution functions F, L 2 E G and a real nwiber e E (0, 1) such that

F - eF1 + (I - o)F2.

Next we present the class of discrete life distributions that is the subject

of our analysis.

Jefinition 2.3. Let F be a discrete life distribution. Then F is

decreasing failure rate average (i)FRA) if x' il(F, x) is nonincreasing in

x (0, -).

-'e denote by GD the class of uiscrete OFiA life distributions. Througnout

we define CPC-i)) 0 " -.

e~m_
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3. The Extreme Points of the discrete DFRA Class.

In this section we identify the extreme points of the class of discrete

DFRtA life distributions. The function g(e, x, y) = -inee-x + (I -)e'Y

e ' :0, li, x, y E L0, -), plays a key role in our analysis. First, we prove

three properties of g(O, x, y) used in the ser.uel.

Lema 3.1. Let e E (0, 1). Then (i) g(e, x, y) is strictly increasing in

x and y, (ii) For L 0, 1 j, and x, y E L0, ), ;(e. ax, my) ?> ag(e, x, y),

and (iii) For a e (0, 1) and x, y - !.0, -), g(e, ax, ay) ag(O, x, y) iff x y.

Proof. (i) follows in a straiitforwaru way.

(ii) and (iii). Define tae random variable Z as follows:

e x  with probability 8

z
e - y  with probability I - 9

Then g(e, x, y) - -tnEZ, and g(e, ax, ay) - nEZa. Consequently, (ii) and

(iii) follow by the Liapounov Inequality tChung (1974), p. 47j. II

Next we show that the class GD is convex.

Lemma 3.2. The class of discrete DFRA life distributions is convex.

Proof. Let F S OF1 + (I - e)F 2 , where F, F2 c GD and e c (0, 1). 6e

show that F e C.

Let k E {1, 2, ... }. Then h(F, k) - g(e, rl(F1 , k), H(F2, k)). By

LImB 3.1(i):

H(F, k) a g(e, k(k + kI)'H(FI, k + 1), k(k + 1)-l H(F2 , k .

by LAmM 3.1(11):

g(6, k(k + 1)'I(F, k + 1), k(k + 1) 'h(F2, k + 2)) a

k(k + l)'g(e, H(Fl, k + 1), HI(F2, k + 1))- k(k + l) 1 li(F, k + 1).
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Consequently the desired result follows. H
Define A(F, 0) = -- , and A(F, k) = (k + 1)-I1 (F, k + 1) - k- Ii(F, k),

1- 1, 2, ..... To accomplish the objective of this sectioii we need tne

following le mia.

Lemiia 3.3. Let F - eF1 + (I - O)F2. where FI, F 2 E G J and 0 E (0, 1).

Assuire A(F, k) = 0 for som e positive integer k. Then ti(Fl, k) = h(F2 , k) = h(F, k),

ai" ii(F I , k + 1) n-(iF2 , k + 1) = n(F, k + 1).

Proof. First by Leanna 3.1(i) and (ii):

k'li(F, k) k k'g(, LI(F 1 , k), ih(F2 k)}

Sk' g{e, k(k + 1)- i(F 1, k + 1), k(k + 1)- ii(F2, k + 1)}

a (k + 1) -g{e, I(F 1 , k + 1), h(F 2, k + )}

- (k + 1)'lH(F, k + 1).

Since A(F, k) = 0, the extreme values in the preceding chain of inequalities

are equal. Tus, by Leuna 3.1(i), A(Fj, k) = 0, j = 1, 2, aril by Lemna 3.1(iii),

II(FIy k + 1) w H(F2 , k + 1). Consequently the Cesired results follow. I1

To describe the extreme points of GD we need the following definition

and notation.

Definition 3.4. Let F be a discrete life distribution and kI < k2 be two

integers in the support of F. Then k1 , k2 are successive support points if no

integer in the interval (k1 , k2) belongs to the support of F.

Let G D,e" (F: F c GD , and for every two successive support points of F,

kl, k2 , A(F, k1 ) - 0 or A(F, k2) - 01.

We are ready now to identify the extreme points of GD.

7.7 -
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Theorem 3.5. GD. is the class of all extreme points in the class of

discrete LFA life distributions.

Proof. First, we show that all the life distributions in GD, e are

extreme points. Let F E 6F1 + (I - 0)F2 , where F , F2 E GJ, F E GD, e , anu

8 E (0, 1). We snow that F1 -F 2 .

Let d = Sup{q: fl(Fl, j) ii(F2, j), j = 0..., q}. To prove that

F1 = F2 , it suffices to show that a = -. Assi~e J < -. Then there is a

positive integer k sucn that d < k, and d, k are two successive support points

of F. By the definition of d and Legaiia 3.3, A(F, d) < 0. Thus, L(F, k) - O.

Consequently by Lerma 3.3, d a k + 1 > d, a contradiction. hence d - and F

is an extreme point in the class Go.

To complete the proof of the theoregi, we show that a discrete JFRA life

distribution that does not belong to GD, e is not an extrene point in GD. To

show that a discrete DFRA life distribution is not an extrene point, it

suffices to prove that the life distribution can be written as a proper

convex combination of two distinct discrete DFRA life distributions. Let

F e G, such that F 4 GD, e .  ie show that F is not an extreiiie point.

Let kl, k2 be two successive support points of F, such that k2 > k1 > 0,

and A(F, k) < U, j - 1, 2. Let F (k) - F2 (k) - F(k) for k 4 (kI - 1, k2 - I

F, (k) - ax{, F(k 1 - 1 ),+kl , T(k2 ), F 2 (k) -nin{.-(k2)I2/(k2+l), F(k1 - 1)

for k (k1 - 1, k2 - Ul anxi let e - !.F(kl).l r(kl) ;,2Ckz ) - F.(k) -(k For
2 ~ 01

tue sake of clarity we recall that ,F(-l) is defined as zero. Finally,

observe that F3, F2 are two distinct DFRA life distributions, that e c (0, 1)j

and that F - 6F1 + (1 - O)F2 . Consequently F is not an extreme point in G0 . II

4'



4. tepresentation of a Oiscrete JFPA Life Jistribution as a

lixture of Extreme Puints.

In this section we prove that every discrete )F?A life distribution can be

presented as a mixture of the extreme points of the discrete DFRA class. ,iore

explicitly, for any aiscrete DFRA life distribution F, we first construct a

probability space (Q P F' PF 0 e then define for each w E a. a discrete

life distribution G,(., W) tiat belongs to the class of the discrete DFa A

extrei.,e points. Finally, we prove tixat:

(4.1) F(k) f f G(k, w)dIF(w), k = 0, 1,
F

Let F E Ce JDefine 1 =1, { , {±}}, P {1} = 1, and G(., {11) = F(.).

Then clearly F(k) f G(k, w)dPF( w), k = 0, 1, .... Thus, to prove Statement
a F

(4.1) it suffices to consider discrete DFRA life distributions that are not

extreme points.

Let F belong to G. but not to Ge" Next, we construct the probability

space (RF, 8 F, PF) , define the extreme discrete DFRA life distributions

G(-, W), W E 0F, anu prove Stateaent (4.1). Let m be the numuer (possibly

infinite) of all pairs of nonnegative integers (&q k q+l ) , 1 < q < Zit + 1,

such tCat:

(4.2) kq, 1 : q < 2m + 1, is a strictly increasing sequence,

(4.3) a(F, k ) < 0, 1 s q < 2m + 1, and

(4.4) k 2ql, k2q are successive support points of F for 1 ! (1 < m + 1.

As



Further, let 12 = {k. k E (k2q-1 - 1, k2q I }, 1 - q < m + 1,

inax{-F(kl- 1)l+k2q-1, F(k2 )}, k E 12q, 1 q < + 1

A2q - 2q2

(4.5) (k)

F(k) k 1 12q' 1 q !5 + 1

iin{ (k(2q) k 2q +) (k2q-1  I)}, k € '2q' 1 I q < m + 1

(4.6) F2(k) =

r(k) k 1 2q, I q <+1,

and

(4.7) 02q (k,) F (klF.2q1) A 2 (k2  ) -1 (k -1 1 [ < I . 1.

2q 2(-1 12q- 1(k2-1 2q-.1)

For the sake of clarity, note that F1, F2  G ,e that 62q E (0, 1), 1 q < m +1,

and that for k I I2q' 1 q < m + 1,

(4.8) P(k) T 6zqP 2(k) + (1 - e2qF1 (k).

we now construct the probability space (a F o BF , PF
) . Let

OF a {w: w 0 (w2q, 1 5 q < m + 1), w2q 6 {0, 1), 1 < q < m + 1,

F ' the set of all subsets of aF, and let

k 61-PF{w: W2q 1 q 1, ... , k} I 2qq(l - 2q) ,

qinl

wIere 1 k < m+ 1, a , ... , 6kE (0, 1). For the casem , we extend
I
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PF to all subsets of IF by the Carathieodory txtension Theoren talmas (1965).

. 54.

Next, we define for each w E F a discrete DFRA life distribution that

belongs to GO,.

F(k) k 2q, 1 < < in + 1

(4.9) U(k, w) - F2 (k), k E 12q' 2 = 2 1 q C < m + I,

Fk ( 12q' "2q = 0., 1 < q < m + 1.

Note that for each w E wF' (' w) E G D.,

Finally, we prove Statement (4.1).

Theorem 4.1. Let F be a discrete DFRA life aistribution that does not

belong to G%,e* Then for k - 0, 1, ..., F(k) = f G(k, w)dPF(w).

Proof. Let k E {0, 1, ...), and let I denote the indicator function. Then:

in

G(k, W)dPF(w) - P-(k)I(k U Iq)

m
+ q4 I(k eI 2q){8 2qF2(k) + (I - e2q

Consequently the desired result follows by (4.3). 11

Finally we note that, as is frequently the case, the representation is not

unique.

[ . [ . . .,
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